If G is any group, (X(,G) denotes it group of automorphisms and cA (G) denotes its group of inner automorphisms. The usual map of G into (%(G) will in general be denoted by u. Thus for each g in G, iv u(g) = u , where u (x) = g ^ x g for each x in G. § S A group G is called centerless if Z(G) is the identity subgroup of G. This will be denoted by Z(G) =1. A group G is called complete if it is centerless and has Û-C.G) = til (G) .
If N = A X B, proj^ is the homomorphism from A x B into A such that proj^ (a,b) = a.
For integers t, Z(t) denotes the cyclic group of order t.
|A| denotes the order of group A.
INTRODUCTION
In this paper we investigate some analogies for arbitrary groups to the results of Eckmann and Schopf on infective modules (2).
By definition, an A-module, M, is infective if whenever A-modules P and R satisfy P CR and there is an A-homomorphism :P_-then there is an A-homomorphism such that (X j ^ (i.e., such that the diagram, 0-^ P -^R (exact), is commutative).
In that work (2) it was proven that every left A-module M can be embedded in a "smallest" injective left A-module which is called "an T for M, with 0 -(exact), such that if S is any other related y extension, say 0-(exact), then there is a homomorphism (which must then be a monomorphism, since S is a related extension) ;S -^ T such that the following diagram is commutative:
Certainly, if T is an injective hull for M then T is a related ex tension for M. Also the existence of the map is assured since T is injective.
To establish the fact that these conditions are sufficient for T to be an injective hull for M, we notice that M has an injective hull, say H, which is a related extension, so there is an isomorphism :
H-such that the following diagram is commutative: Now suppose we consider arbitrary groups and see if we can character ize those groups M for which there is a group T such that M)-is ana logous to a related extension for M, and such that if M) ^ )S is any other embedding which is analogous to a related extension for M, then there is a monomorphism such that the following diagram is commutative:
If such an embedding of M in T exists we could call T a "hull" for M.
Now several possibilities exist for the analogies to a related ex tension. We could consider an embedding such that no non-trivial subgroup of T is disjoint from CC(M). Alternately we might require that the image of CC be normal in T and that no non-trival normal subgroup, K <3 T, satisfies K A OC(M) = 1. Or we might require that the image of OC be normal in T and that no subgroup of the centralizer of im( OC ) be disjoint from im( OC ). The latter two of these alternatives are dis cussed in this paper. They are equivalent if M is centerless, which is interesting in light of the following characterization which we obtain for finite groups:
In the category of finite groups, the only "hull" is the embedding of a finite centerless group in its automorphism group.
In obtaining this result we show that if a finite group G has a non-trivial center, then G can be embedded in a group with arbitrarily large order in such a way that the embedding is both an essential em bedding and a related embedding. As a corollary of this result, a theorem of Baer (11, p. 94) is extended for finite groups:
Let G be finite. G is a direct factor of any group in which it appears as a normal subgroup if and only if G is complete.
In the third chapter a "restricted hull" is introduced in an attempt to produce a characterization in terms of the embedding problem when in finite groups are allowed. Not all embeddings of a finite centerless group into its automorphism group satisfy the requirements for being a restricted hull, and a characterization is given for those usual embedd ings which satisfy the restricted definition. The restricted definition remains an analogy to the hull problem for modules since only an additional normality condition is added to the original definition of a hull. 
was shovm to satisfy C(im(u)) = 1. Thus (h) ^ ^ (h) = 1, for each h in H, and ^ is unique.
If G is finite, then CL (G) is finite and since H is a hull, there
is an isomorphism from CL (G) into H, so <f must be an epimorphism.
Since G was assumed to be centerless, definitions II.3 and II.4 hold also and G >'^ > <%(G) is a related hull for G.
This remark is due to Head (5) . The ideas were adapted from a paper of Fitting (3) which is discussed in Kurosh (7, .
If A) ^ B is an essential embedding and B>--^ C is an essential embedding, and im( P ^ C, then A -) C is an essential embedding. S Proof: Assume 1 7^ K C and K /I im( ^ Of) = 1. Then since B --) C is an essential embedding, we have 1 ^ K/1 im( '^ ) = K' im( ^ ). But Remark 11.16 Since both A and B in proposition 11.14 are abelian, id +OC A )-^ B is also a related embedding. Thus if A is a finite abelian group then A has no finite related hull, since if G is assumed to be a related hull for A, we can construct a related embedding A) • ) H with H having larger order than that of G, making it impossible for G to contain an isomorphic image of H.
Proposition 11.17
If A is a group, y is in Z (A) and n is any positive integer, then there is a group G such that A G, G = ^ A,x^ , ^ Z(n), X is in Cg(A) and x" = y.
Proof: This is Theorem 9.7.2. in (11). There is no finite group G which is a hull for A.
Proof; Let p be a prime dividing the order of Z(A). Now there is some integer n such that p^lAI > !G!. We show there LO a group A^ such that A is essentially embedded in A^, with |A^f = p^|A(. Thus we cannot have an isomorphic copy of A^ in G. Corollary 11.25 Let C be a finite group. C is a direct summand of every group in which it appears as a normal subgroup \ )> C is com plete.
( 4=) (9, p. 133) ( =^) (i) Let C be centerless but not complete. Then the usual embedding of C in its automorphism group has G ^ ^(G) ^ G. But C is essentially embedded in ^(C), so C is not a summand of (^(C). This result is also well known ( 10, p. 94 ).
(ii) Let C have a non-trivial center. Then we can form a group ^ C,x y , using proposition 11.17 in which C is essentially embedded and thus is not a summand.
RESTRICTED HULLS
It appears to be difficult to determine whether finite groups with centers can have hulls among the infinite groups. It is obvious that certain abelian groups cannot have hulls, even among infinite groups, if we require not only that an isomorphic image of each essential embedding appear in a hull, but that the isomorphic image appear as a normal subgroup of the hull. For instance, the cyclic group, Z(3), can be essentially embedded in the symmetric group S^. This group, S^, is known to be complete. It is known that any time a complete group appears as a normal subgroup of a group H, it must appear as a direct factor of H. is finite and centerless and hence cannot be essentially embedded in an infinite group, from remark II. 9. But recalling that a restricted hull is also a hull and no finite abelian group has a finite hull, we see that H must be infinite and we obtain a contradiction. then G is its own centralizer in Hol(G).
Remark III. 14 Let G be a finite abelian group which is a direct product of at least two isomorphic cyclic groups of order some fixed power of two, as in remark III. 12. Then Ho1(G) is centerless.
is an element x in Z(Hol(G)) with order two. Hence <" x > is a group of order two that is normal in Hol(G If G ^ TT Z(2^) for some fixed positive integer i=l n and some integer r greater than one then G has no hull. This follows from remarks III. 14 and III. 15 using an argument as in proposition III. 8. Thus by changing the direction of the arrows and interchanging "one to one" and "onto" we obtain a dual problem. (11)).
Hence, since Ker((X') is a subgroup of the solvable group Fr(G), the result follows.
Remark IV.20 (11, p. 165 ) . If G is finite and -priG) cyclic, then G is cyclic. Hence, by a previous remark, we have G = M = ^x ^ .
Remark IV.21
If B is finite and B ->> A is a cover for the cyclic group A, then B is cyclic. (The proof of this remark is essen tially the same as that of the preceding remark). It is known that every homomorphic image of a nilpotent (abelian) (perfect) group is nilpotent (abelian) (perfect), hence it is obvious that the only cover for a non-nilpotent (non-abelian) (non-perfect) group is a non-nilpotent (non-abelian) (non-perfect) group.
